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3D curves vs. 4D curves

Motivation: visualizing the higher dimensions

- Generalize 3D method to 4D
- Apply method to 4D helix
- Visualize in various ways



Curves Basics in 3D



3D Curves



“Frenet Formulas”

ormal

angentinormal

Curvatures



How can we take this to 4D?



4D Frenet Frame

Quad = 4

❤



Case Study: Helix

3D Helix 4D Helix

?



First, get positions (α)

Solve Frenet formulas differential equations

Initial conditions:



Symbolic Computation with

...



Numerical Integration (still with                               )



How to visualize this thing?



Technique 1: Orthogonal Projections

3D Object → 2D Shadows

4D Object → 3D Shadows



Only see 3 
out of 4 
dimensions 
at a time



Technique 2: Look at the Graph

4 dimensions 
at once!



2.1: Center of Mass Plot

Bad initial 
conditions!



Technique 3: Principal Component Analysis (PCA)

Finding a basis that maximizes variances along the 
basis vectors

→ A “nice” frame
     to view the object from



3D Example

PCA
⇒ 



4D PCA

PCA
+

New IC’s

⇒ 





⇒ “Flat Torus”

For us

- r1 = 0.327
- r2 = 1.376



αpca Flat Torus



Summary

Several numerical techniques to visualize 4D

- Numerical integration
- Orthogonal projections
- Graph plotting: positions and CMs
- PCA



Pros

Cons

- Computationally cheap
- Very visual
- Adaptation to a different curve is trivial

- Not mathematically rigorous
- Not guaranteed to work



Questions?


